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Abstract

An odd hole in a graph is an induced cycle of odd length at least five. In this paper
we show that every imperfect Ky-free graph with no odd hole either is one of two basic
graphs, or has an even pair or a clique cutset. We use this result to show that every
K-free graph with no odd hole has circular chromatic number strictly smaller than 4.
We also exhibit a sequence {Hy,} of such graphs with nan;O Xc(Hy) = 4.



1 Introduction

All graphs in this paper are finite and have no loops or multiple edges. Let G = (V, E)
be a graph. We will let V(G) and E(G) denote the set of vertices and the set of
edges of G, respectively. For v € V(G), let N(v) denote the set of vertices that are
adjacent to v. A clique is a set of pairwise adjacent vertices and a stable set is a set
of pairwise non-adjacent vertices. For a set of vertices X C V(G), we denote by G|X
the subgraph of G induced by X and we let G\X = G|(V(G)\X). An induced path in
G is an induced subgraph of GG that is a path. We will call an induced path even if it
has an even number of edges, and odd if it has an odd number of edges. An even pair
is a pair {u,v} of vertices of G such that all induced paths in G from u to v are even.
An induced cycle is an induced subgraph of G that is a cycle. An odd hole in a graph
is an induced cycle of odd length at least five. A cutset X is a set of vertices such
that G\ X is disconnected. A clique cutset is a cutset that is a clique. For disjoint sets
A, B C V(G), we say that A is complete to B if every vertex in A is adjacent to every
vertex in B, and that A is anticomplete to B if every vertex in A is non-adjacent to
every vertex in B. A vertex v is said to be complete (anticomplete) to a set A C V(G)
if {v} is complete (anticomplete) to A. We say that two disjoint sets A, B of vertices
are linked if every vertex of A has a neighbor in B and every vertex of B has a neighbor
in A. We denote by x(G) the chromatic number of G, and by w(G) the size of the
largest clique in G. A graph G is called perfect if every induced subgraph G’ of G
satisfies x(G') = w(G’). A graph is called imperfect if it is not perfect.

For an integer n > 1, let K,, denote the complete graph on n vertices. For two
coprime integers p, ¢ with p > 2¢q, K/, is a graph with vertex set {v1,v2,..., vy} such
that v; and v; are adjacent if and only if ¢ < |i — j| <p—qfori,j € {1,2,...,p}. We
call such a graph a circular p/q-clique. As special cases of circular cliques, let us define
C7 = K79 and T11 = Kyyy3.

For a positive real number r and a graph G, a circular r-coloring of G is a func-
tion ¢ : V(G) — [0,7) such that 1 < |e(u) — ¢(v)] < r — 1 whenever uwv € E(G).
The circular chromatic number of G, denoted x.(G), is defined by x.(G) = inf{r :
G has a circular r-coloring}. The circular chromatic number was introduced by A.
Vince in [7] as a refinement of the usual chromatic number of a graph. For clarity we
note that in contrast to the usual (vertex) chromatic number, the circular chromatic
is not necessarily an integer and in fact is in general a rational number [8]. It follows
from the definition of x.(G) that x(G) — 1 < x.(G) < x(G). We call a circular x.(G)-
coloring an optimal circular coloring of G. It was shown in [7] that an optimal circular
coloring always exists. We refer to [8, 9] for good surveys on the circular chromatic
number.

This paper deals with K4-free graphs with no odd holes and consists of two parts.
In the first part (Section 2), we will be interested in even pairs in Ky-free graphs with
no odd holes. Our interest in even pairs originates in the fact that they are useful in
graph coloring: contracting (see Section 3) an even pair in a graph does not change
its chromatic number [4]. We will use the characterization of Ky-free graphs with no
odd holes that was given in [3] to prove the following theorem about the structure of
K ,-free graphs with no odd hole and no even pair:



Theorem 1.1. Suppose that G is an imperfect Ky4-free graph with no odd hole and no
even pair. Then either G is isomorphic to one of {T11,Cr}, or G has a clique cutset.

The second part of this paper is inspired by the following theorem from [3]:
Theorem. Let G be a K4-free graph with no odd hole. Then x(G) < 4.

From this and the fact that x.(G) < x(G) for every graph G, it follows that the
Xc(G) < 4 for every Ky-free graph G with no odd hole. In Section 3, we will use the
results in Section 2 in conjuction with a linear programming argument to prove that
this inequality is in fact strict:

Theorem 1.2. Let G be a Ky-free graph with no odd hole. Then x.(G) < 4.

In Subsection 3.3 we will construct an infinite family of graphs whose circular
chromatic number is arbitrarily close to 4, demonstrating that the bound given in
Theorem 1.2 is tight.

2 Even pairs in K -free graphs with no odd hole

In order to prove Theorem 1.1, we will use the following structural theorem which is
an immediate consequence of 3.1 and 9.1 in [3]. The definitions of the harmonious
cutset, graphs of 777 type and graphs of the two heptagram types will be postponed
until they are needed (they can also be found in [3]).

Theorem 2.1. [3] Let G be an imperfect K4-free graph with no odd hole. Then either
G has a harmonious cutset, or G is of T11 type, or G is of the first or second heptagram

type.

We will analyze the presence of even pairs in Ky-free graphs with no odd hole by
looking at the different outcomes of Theorem 2.1.

We say that a vertex w dominates another vertex v if N(v) € N(u). We will
repeatedly use the following observation:

Claim 2.2. Let G be a graph and let u,v € V(G) be two non-adjacent vertices. If u
dominates v, then {u,v} is an even pair in G.

Proof. We claim that every induced path from u to v in G has exactly two edges. For
suppose that there exists a path @) from u to v in G of length other than two. Since u
and v are non-adjacent, this implies that @ has at least three edges. Let u/, v’ be the
neighbors of u, v, respectively on ). Since @ is induced and has at least three edges,
1’ is non-adjacent to v and v’ is non-adjacent to u. But this contradicts the fact that
u dominates v. This proves Claim 2.2. O

Throughout this section we will use a slightly non-standard definition of a partition:
for a set X, a partition of X is a collection {X,-}f:1 of subsets of X such that X;NX; = ()
for ¢ # j and Ule X; = X. We stress that, in contrast to the usual definition of a
partition, we do not require the sets of a partition to be non-empty (unless explicitly
stated).



2.1 Harmonious cutsets and graphs of T7; type

We call a cutset X in G harmonious if X can be partitioned into disjoint non-empty
stable sets X1, Xo,..., X and

(S1) for all 4,5 € {1,2,...,k}, if P is an induced path in G with one end in X; and
the other end in X;, then P is even if 7 = j and odd otherwise, and

(S2) if k > 3, then X;, Xo,..., X are pairwise complete to each other.

We call a cutset X in G a special odd cutset if |X| = 2, the two vertices in X are
non-adjacent and every induced path in G between them is odd. The following lemma
almost proves Theorem 1.1 for graphs with harmonious cutsets. The only undesired
outcome is the special odd cutset, which will be handled later, in Section 2.3.

Lemma 2.3. Let G be a graph with a harmonious cutset. Then either G has an even
pair, or G has a clique cutset, or G has a special odd cutset.

Proof. Let X, Xy,..., X} be as in the definition of the harmonious cutset. If | X;| > 2
for some ¢ € {1,2,...,k}, any pair {u,v} C X, is an even pair by (S1). We may
therefore assume that |X;| = 1 for all i« € {1,2,...,k}. We may assume that X is
not a clique, because if it is, then X is a clique cutset of size k and the lemma holds.
It follows from (S1) and (S2) that X consists of two non-adjacent vertices such that

every induced path between them is odd, so that X is a special odd cutset. This proves
Lemma 2.3. Il

We say that a graph G is of T11 type if V(G) can be partitioned into stable sets
Wi, Wa, ..., Wiy such that W; is complete to W if and only if 3 < |i — j| < 8 and
anticomplete otherwise.

Lemma 2.4. Suppose that G is a graph of Th1 type. Then either G has an even pair,
or G is isomorphic to T11.

Proof. Let Wy, W, ..., Wi; be as in the definition of a graph of T1; type. If [W;| =1
for all i € {1,2,...,11}, then G is isomorphic to T1;. Therefore, from the symmetry,
we may assume that [WWi| > 2. Let u,v € W; be distinct. Since N(u) = N(v), it
follows that u dominates v and hence from Claim 2.2 it follows that {u,v} is an even
pair. This proves Lemma 2.4. O

This handles the first two outcomes of Theorem 2.1. The next section is devoted
to handling graphs of the first and second heptagram type.

2.2 Graphs of the first and second heptagram type

In this section, we will show that almost all graphs 9f the first and second heptagram
type have an even pair, with graphs isomorphic to C7 as the only exception.

2.2.1 Graphs of the first heptagram type

We say that a graph G is of the first heptagram type if there exist t > 1 and a partition
of V(G) into ten stable sets Wy, Wa, ..., Wr, Y, Yy, Y7 where Yy, Y7 may be empty but



the other sets are non-empty, such that, with index arithmetic modulo 7:

(A1) for 1 <i <7, W; is complete to W;;o and anticomplete to W3

(A2) fori € {3,4,6,7}, W; is complete to W;11, and for i = 1,2, W;, W,y are linked;
and every vertex in Ws is complete to one of Wy, Wy

(A3) for i = 4,7, every vertex in Y; is complete to W; 3 U W,;_3, has a neighbor in W,
and has no neighbor in Wi—&-h Wi+2, Wz‘—l, Wi_z

(A4) Yo, Yy, Y7 are pairwise anticomplete

(A5) there is a non-empty subset C' C Wj such that C' is complete to W3 U W3, and
Ys, C are linked, and Y5 is anticomplete to Wy \ C

(A6) there exist partitions My, M, ..., M; of W5 and Ny, Ny, ..., N; of Ws where M),
Ny may be empty but the other sets are non-empty, such that for 1 < <t, M;
is complete to N;, M; is anticomplete to Wg \ N;, W5 \ M; is anticomplete to Nj,
and My, Ny are linked (and consequently W5, Wy are linked)

(A7) there is a partition X1, Xo, ..., X; of Y3 where X1, Xo,..., X; are all non-empty,
such that for 1 < i < t, X; is complete to M; U V;, and anticomplete to each of
W5\ M;, We \ N;, Wy, Wy, W3, Wy.

Graphs of the first heptagram type trivially have an even pair:
Lemma 2.5. Let G be a graph of the first heptagram type. Then G has an even pair.

Proof. Let Wy, Wy, W5, Wg, M1, N1, X1 be as in the definition of the first heptagram
type. Let u € X; and v € Wy. It follows from (Al) and (A2) that v is complete to
Wa U W5 U Ws. Moreover, it follows from (A3), (A4), (A6) and (A7) that N(u) C
M UNUWy C WoUWsUWs € N(v). Therefore, v dominates u and it follows from
Claim 2.2 that {u,v} is an even pair in G. This proves Lemma 2.5. O

2.2.2 Graphs of the second heptagram type

Before we define the second heptagram type, let us say that a triple (Wy, Wa, W3) of
disjoint stable sets in G is a crescent if the following properties hold:

(C1) if v; € W; for i = 1,2,3 and vy is adjacent to both v; and vs, then v; is adjacent
to vs

(C2) if v; € W; for i = 1,2,3 and vy is non-adjacent to both vy and wvs, then vy is
non-adjacent to vs.

We say that a graph G is of the second heptagram type if V(G) can be partitioned
into fourteen stable sets Wy, Wo, ..., W7 and Y1, Ys,...,Ys where Wy, Ws, ..., Wy are
non-empty but Y7, Ys, ..., Y7 may be empty and the following properties (where arith-
metic is modulo 7) hold:

(B1) for 1 <14 <7, W;is anticomplete to W43
(B2) for 2 <1i <7, W; is complete to W;19, and Wy, Wy, W3 are pairwise linked
(B3) (Wh,Wa, W3) is a crescent, and if Wj is not complete to W3 then Y, Y5, Y = 0)



(B4) for i € {3,4,6,7}, W; is complete to Wj;1; W5, W are linked

(B5) for 1 <i <7, every vertex in Y; is complete to Wji3 U W;_3, has a neighbor in
W;, and has no neighbor in W; 1, W10, W;,_1, W,;_»

(B6) for 1 <i <7, every vertex in W; with a neighbor in Y; is complete to W1 UW;_4

(B7) for 1 <14 <7,Y; is complete to Y;+1 and anticomplete to Y12 U Y43

(B8) for 1 <1i <7, at least one of Y;, Y;11, Yiyo is empty.

For distinct vertices w,v,u’,v" € V(G), we say that the ordered pairs (u,v) and
(u',v") are friends in G if u is adjacent to v/, v is adjacent to v’, u is non-adjacent to
v" and v is non-adjacent to u'. For two disjoint sets A, B C V(G), we say that A is
friendly with B if there exists u,v € A and u/,v" € B such that (u,v) and (u/,v’) are
friends. Note that being friendly is a symmetric relationship so that we can speak of
two sets A and B being friendly with each other.

We distinguish between graphs of the second heptagram type that have sets W;
and W; 1 that are friendly with each other and ones that do not have such sets. Note
that from (B4) it follows that it suffices to look for such friendly sets for i € {1,2,5}.

Graphs of the second heptagram type with friends

We will start with two claims about graphs of the second heptagram type that have a
friendly pair in consecutive W;’s and then deduce that such graphs have an even pair.

Claim 2.6. Let (W1, Wy, W3) be a crescent, suppose that Wi, Wa, W3 are pairwise
linked and that (u,v) € Wi x Wi and (u',v") € Wy x Wy are friends. Then Wiy
can be partitioned into sets S # () and T such that {u,v,u’,v'} is complete to S and
anticomplete to T.

Proof. Let x € W3. Suppose that x is adjacent to one of {u,v}. From the symmetry,
we may assume that x is adjacent to u. By (C2) applied to w, v, z, it follows that z
is adjacent to v'. By (C1) applied to v,v’, x, it follows that x is adjacent to v. So z
is complete to {u,v}. Therefore, W3 can be partitioned into sets S and T such that S
is complete to {u,v} and T is anticomplete to {u,v}. It follows from the fact that W,
and W3 are linked that S # (). Now let s € S. By (C2) applied to u,v’, s and to v, v/, s,
it follows that s is adjacent to w’,v" and hence S is complete to {u,v,u’,v'}. Next, let
t € T. By (C1) applied to u, u’,t and to v, ', t, it follows that ¢ is non-adjacent to v, v/
and hence T is anticomplete to {u,v,u’,v'}. This proves Claim 2.6. O

Claim 2.7. Let G be a graph of the second heptagram type. Leti € {1,2,5} and suppose
that (u,v) € W; x Wy and (u',v") € W1 X Wiy are friends. Then N(u)\W;11 =
N()\Wiy1 and N(u')\ W; = N(v') \ W;.

Proof. From the symmetry, we may assume that ¢ € {1,5}. First suppose that ¢ = 5.
It suffices to show that N (u)\Ws = N(v)\Ws. We first note that from (B1) and (B5), it
follows that N (u)\Ws and N (v)\Wjs are subsets of WsUW,UW7UY;UY2UY5. It follows
from (B2) and (B5) that v and v are complete to W3 U W, U W7 UY; UYs. It follows
from (B6) and the fact that (u,v) and (u/,v") are friends that {u,v} is anticomplete



to Y5. Therefore, N(u)\Ws = N(v)\Ws = W3 U W, U W7 UY; UY;. This proves the
claim when ¢ = 5.

So we may assume that i = 1. We first claim that N(u)\Way = N(v)\Wa. It
follows from (B1) and (B5) that N(u)\Ws and N(v)\Ws are subsets of W3 U Wg U
W UYi UYsUYs. It follows from (B2) and (B5) that w and v are complete to
We UW7UY,UY5. Tt follows from (B6) and the fact that (u,v) and (u/,v’) are friends
that {u,v} is anticomplete to Y;. Finally, it follows from Claim 2.6 that W3 can be
partitioned into sets S,7T such that S is complete to {u,v} and T is anticomplete to
{u,v}. Therefore, N(u)\Wy = N(v)\We = WgUW7UY,UY;US. Next, we claim that
N\ Wy = N(")\Wj. It follows from (B1) and (B5) that N(u')\W; and N(v')\W
are subsets of W3 U W, U W7 UY2UY5U Y. It follows from (B2) and (B5) that «' and
v" are complete to Wy U W7 U Y5 UYs. It follows from (B6) and the fact that (u,v)
and (u/,v) are friends that {u,v} is anticomplete to Y. Finally, it follows from Claim
2.6 that W3 can be partitioned into sets S, 7T such that S is complete to {u’,v'} and
T is anticomplete to {u/,v'}. In particular, N(u') N W3 = N(v") N Ws. Therefore,
N(u)\W3 = N(v)\Wy = W, UW;UY5UYsUS, thereby completing the proof of Claim
2.7. U

This enables us to find even pairs:

Lemma 2.8. Let G be a graph of the second heptagram type. Suppose that W is
friendly with W1 for some i € {1,2,...,7}. Then G has an even pair.

Proof. It follows from (B4) that i € {1,2,5}. Let (u,v) € W; x W; and (u/,v') €
Wit1 X Wit be friends. For ¢,¢" € {1,2,...,7}, let P, 4 be the set of odd induced
paths with endpoints a,b € W, such that there exist a’,b’ € Wy such that (a,b) and
(a',b") are friends. Let P = P ;1 U Piy1,i. We will show that P = (), implying that
there exists no odd induced path from u to v, and therefore that {u, v} is an even pair.

Suppose for a contradiction that P # (). Then there exists P € P such that |V (P)|
is minimum. Let a and b be the endpoints of P. Let {j,k} = {i,7 + 1} be such
that P € P;;. It follows that a,b € W;. Let o’ and b’ be the neighbors of a and b,
respectively, in P. It follows from the fact that P is an induced odd path that (a,b) and
(a/, V') are friends. From this and the fact that N(a)\Wj = N(b)\W}, by Claim 2.7, it
follows that a’,b" € Wj. Now construct the path P’ from P by deleting the endpoints
a and b. Clearly, P’ € P, but |[V(P')| < |V(P)|, a contradiction. This proves that
P = 0, thereby completing the proof of Lemma, 2.8. O

Graphs of the second heptagram type with no friends
We will now turn to graphs with no friends:

Claim 2.9. Let G be a graph of the second heptagram type. Let i € {1,2,...,7} and
suppose that W; is not friendly with Wiy1. Then there exists uw € W; that is complete
to Wiz1 U Wiyga.

Proof. Let u € W; be a vertex with a maximum number of neighbors in W;;;. We
first claim that u is complete to W;y1. For suppose that there exists v’ € W,y that



is not adjacent to u. From (B2) and (B4), it follows that v’ has a neighbor v € W;.
By the choice of u, there exists ' € W;,1 that is adjacent to u but not to v. But now
(u,v) is friends with (v, v"), contradicting the fact that W; is not friendly with Wjy;.
Therefore u is complete to W;y1. If i # 1, it follows from (B2) that u is complete
to Wiye. If i = 1, let x € W3 be given. From (B2) it follows that = has a neighbor
v € Wy, From (C1) applied to u, v, z, it follows that v and = are adjacent. Therefore
u is complete to W;1o. This proves Claim 2.9. O

Lemma 2.10. Let G be a graph of the second heptagram type. Suppose that for each
i€{1,2,...,7}, W; is not friendly with Wiy1. Then either G has an even pair, or G
s isomorphic to C7.

Proof. We may assume that G is not isomorphic to Cx.

(i) Let i € {1,2,...,7}. Then there exists u € W; such that u is complete to
Wi—o UW,11 UWiia and, if i # 2, then u is complete to W;_o UW,;_1 UW;1 1 UW,;49.

From the symmetry, we may assume that i € {1,2,4,5}. It follows from Claim
2.9 that there exists u € W; such that u is complete to W; 11 U Wjys. It follows
from (B2) that W; is complete to W;_s (since ¢ # 3). This proves the claim if
i = 2. So we may assume that i # 2. It follows from (B4) that u is complete to
W;_1. This proves (i).

(i) IfYi #0 for somei€ {1,2,...,7}, then G has an even pair.

Choose any y € Y;. It follows from property (B8) and the symmetry that we
may assume that Y;_; = (). By (i), we may choose u € W;_5 such that u is
complete to W; UW;_3U W;3. It follows from (B5) that u is complete to Y;y;.
Therefore, by (B5) and (B7), N(y) € W; UW; 3 UW;;3UY;1 € N(u), and u
and y are non-adjacent. Hence it follows from Claim 2.2 that {u,y} is an even
pair. This proves (ii).

In the light of (ii), we may now assume that ¥; = ) for all ¢ € {1,2,...,7}. If |[W;| > 2
for some ¢ € {1,3,4,...,7}, then by (i) we may choose u € W; such that u is complete
to Wi_oUW,;_1 UW; 1 UW;49 and choose any other v € W;. It follows that v dominates
v and hence, by Claim 2.2, that {u, v} is an even pair. So we may assume that |W;| = 1
for every i € {1,3,4,...,7}. Since G is not isomorphic to C7, it follows that |Wa| > 2.
Now choose u,v € Ws. It follows from the definition of the second heptagram type
that N(u) = N(v) and hence it follows from Claim 2.2 that {u, v} is an even pair. This
proves Lemma 2.10. U

2.3 Proof of Theorem 1.1

The lemmas from Sections 2.1 and 2.2 lead to the following structural result:

Lemma 2.11. Suppose that G is an imperfect Ky4-free graph with no odd hole. Then
either

1. G is isomorphic to one of {T11,C7}, or



2. G has an even pair, or
3. G has a clique cutset, or

4. G has a special odd cutset.

Proof. It follows from Theorem 2.1 that either G has a harmonious cutset, or G is
of T11 type, or G is of the first or the second heptagram type. If G has a harmonious
cutset, is of 171 type, or is of the first heptagram type, then the result follows from
Lemma 2.3, Lemma 2.4, Lemma 2.5, respectively. If G is of the second heptagram
type and W friendly with W;; for some i € {1,2,...,7}, then the result follows from
Lemma 2.8. If G is of the second heptagram type and no such ¢ exists, then the result
follows from Lemma 2.10. This proves Lemma 2.11. (Il

We finish the proof of Theorem 1.1 by showing that outcome 4 in Lemma 2.11 is
redundant:

Proof of Theorem 1.1. Let G be an imperfect Ky-free graph with no odd hole with
|V (G)| minimum such that G has a special odd cutset {u, v} and none of the outcomes
1, 2, 3 of Lemma 2.11 hold. Recall that, by the definition of a special odd cutset, u
and v are non-adjacent in G and every path between v and v is odd. Let

Vi, V2 & V(G)\{u, v},
V=4 W,V) (V1, V) is a partition of V(G)\{u, v},
and Vj is anticomplete to V5

Since {u,v} is a cutset, V is non-empty. For every partition (V1,V2) € V and for
i € {1,2}, let G;(V1,V5) be the graph constructed from G|(V; U {u,v}) by adding
an edge between u and v. Note that since {u,v} is a special odd cutset, G1(V1, V2)
and Gy(V1, Vo) are both Ky-free graphs with no odd hole. From V choose a partition
(V1,Va) such that the graph G7 = G1(V1, Va) is imperfect and, subject to this, |Vi]| is
minimum. Such a partition exists because it was shown in [6] that if G; and G2 defined
as above are both perfect, then G is also perfect, contrary to the assumption that G
is imperfect. Since G7 is imperfect, it follows from Lemma 2.11 and the choice of G
that either G* is isomorphic to one of T1; and C7, or G has an even pair, or G} has a
clique cutset.

First suppose that G isomorphic to 771 or C7. Since in both T; and C7 every two
adjacent vertices have a common neighbor, v and v have a common neighbor x € V.
It follows that {u,z,v} induces a two-edge path in G from u to v, contradicting the
fact that every path from u to v is odd. So G7 is not isomorphic ot T1; or to Cr.

Next suppose that G has an even pair {a,b}. Let P be an induced path from a
to bin G. We claim that P is even. If {u,v} € V(P), then, because a,b € V(G7}), it
follows that P is also an induced path in G7, and hence that P is even. So we may
assume that {u,v} C V(P). From the symmetry in u, v, we may assume that there are
induced paths Py, P2, P3 in G such that P = a-P;-u-Ps-v-Ps-b. Since {a, b} is an even
pair in G7 and G|((V(P) \ V(P2) U{u,v}) is an induced path between a and b in G7,
it follows that |E(P1)| + |E(Ps3)| is odd. Moreover, since {u,v} is a special odd cutset
and P; is an induced path between u and v in G, it follows that |E(P»)| is odd. Hence,
|E(P)| = |E(P1)| + |E(Py)| + |E(Ps)]| is even. This proves that every induced path in
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G between a and b is even and, therefore, that {a, b} is an even pair in G, contrary to
our assumption that G does not have an even pair.

Finally assume that G7 has a clique cutset X. Let (C1,Cy) with C1,Cy G V(G])\X
be a partition of V(G7)\ X such that C} is anticomplete to Cs in G7. If at most one of u
and v is an element of X, then X is also a clique cutset in G, contrary to the assumption
that G does not satisfy outcome 3 of Lemma 2.11. Therefore {u,v} C X. Since u and
v do not have common neighbors (otherwise there exists a two-edge path in G between
u and v) and X is a clique, it follows that X = {u,v}. Since G7 is imperfect, at least
one of G7|(C1 U {u,v}) and G7|(C2 U {u,v}) is (as shown in [6]). By the symmetry
we may assume that G7|(Cy U {u,v}) is imperfect. But now (C1,Cy U V3) € V and
|C1] < |V1], contradicting the minimality of V.

This proves Theorem 1.1. O

3 Circular coloring

In this section we will use the outcomes of Theorem 1.1 to show that every Ky-free
graph with no odd hole has circular chromatic number strictly less than 4. It was
shown in [7] that for coprime integers p,q with p > 2, xc(K,/;) = p/q and hence in
particular we have that x.(C7) = 7/2 and x.(711) = 11/3. This immediately handles the
first outcome of Theorem 1.1.

For a graph G and two vertices z,y € V(G), let G/xy be the graph obtained by
deleting x and y and adding a new vertex xy adjacent to precisely N(x) U N(y). This
operation is called contracting the pair {z,y}. As said in the introduction, contracting
even pairs does not decrease the circular chromatic number of the graph. In fact,
contracting non-adjacent vertices does not decrease the circular chromatic number:

Lemma 3.1. Let G be a graph and let x,y € V(G) be non-adjacent. Then, x.(G) <
Xe(G/zy).

Proof. Let r = x.(G/xy) and let ¢ : V(G/xy) — [0,r) be a circular r-coloring of
G/zy. Tt is straightforward to verify that ¢ : V(G) — [0,r) defined by ¢/(u) = c(u)
for all u € V(G/xy)\{zy} and (z) = (y) = c(xy) is a circular r-coloring of G. It
follows that x.(G) < r. This proves Lemma 3.1. O

(We note that the graph H,, defined in the last part of Section 3.3 shows that the
inequality in this Lemma is really an inequality, as opposed to its usual chromatic
number counterpart [5] in which equality holds. This follows from the fact that glueing
two graphs on an edge can be viewed as twice contracting an even pair.)

The following two subsections will be devoted to handling clique cutsets. We will
start with a result about optimal circular coloring of large circular cliques. This will
allow us to prove a lemma on the circular chromatic number of graphs that are obtained
by “glueing” two copies of K1)/, (where t > 3 and k& > 1 are integers) on an
appropriately chosen clique. (The glueing operation will be made precise.) The result
is the basis for showing that glueing two graphs that have circular chromatic number
strictly less than 4 does not increase the circular chromatic number beyond 4, as long



as we glue on triangles and edges. This handles clique cutsets, the second outcome of
Theorem 1.1.

Throughout this section, we will use the following equivalent definition of the cir-
cular chromatic number [1]. Let G; and G2 be graphs. We say that a function f :
V(G1) — V(G2) is a homomorphism from Gy to Ga if f(u) f(v) € E(G2) whenever uv €
E(G1). For finite graphs, x.(G) = inf{p/q : there exists a homomorphism from G to K}
The following theorem was implicitly proved in [1]:

Theorem 3.2. [1] For coprime integers p,q with p > 2q, a graph G is circular p/q-
colorable if and only if there exists a homomorphism from G to K, ,.

3.1 x-Critical circular cliques in optimal circular colorings

Let G be a graph. For coprime integers p, ¢ with p > 2¢, we call an induced subgraph H
of G a x-critical circular clique if H is isomorphic to K/, and x(G) —1 < p/q < x(G).
Note that, by definition, for any y-critical circular clique H, x.(H) is a non-integer
larger than 2. We will start with a lemma that states that if x.(G) < x(G) then
every x-critical circular clique in G is optimally circularly colored either “clockwise” or
“counterclockwise”. To make this precise, let us introduce some notation. For a real
number r > 2 and real numbers a, b, let [a, b], denote the closed interval from a to b in
the cyclic group R/rZ. That is, writing ' = a (mod r),b = b (mod 7),

AN} 'f /< /
if a <b: [a,b], = o', ¥ ?a_b
b, r)uf0,d] ifd >

if @ > b: [a,b], = [0,7)\[b, a],.

Let the open interval (a,b), and half-open intervals [a,b),, (a,b], be defined in the
obvious analogous way.

For a circular coloring ¢ : V(G) — [0,7) of a graph G and s € R, define Tsc :
V(G) — [0,7) by Tsc(v) = ¢(v) + s (mod r). We say that an induced subgraph of G
with vertices {v1,va,...,v,} is circularly colored clockwise (with respect to the circular
coloring c) if there exists an s € R such that Tsc(vy) < Tse(va) < -+ < Tye(vp).
We call the function r — ¢ the reversion of the circular r-coloring c. We say that
an induced subgraph is circularly colored counterclockwise (w.r.t. c¢) if it is circularly
colored clockwise w.r.t. r —c. Note that if ¢ is a circular r-coloring of GG, then Tsc and
r — ¢ are circular r-colorings of G as well.

Lemma 3.3. Let p,q be coprime integers with p > 2q. Let G be a graph with x.(G) <
X(G), let H be a x-critical circular clique in G with x.(H) = p/q and vertex set
{v1,v2,...,v,} such that viv; € E(G) if and only if ¢ < |i —j| < p—q. Let c be
an optimal circular coloring of G. Then H is either circularly colored clockwise or
circularly colored counterclockwise with respect to c.

Proof. Let r = x.(G). Note that, by the existence of a x-critical circular clique, r > 2.
Observe that for every j € {1,2,...,p} it follows from the fact that v; is adjacent to
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each of {vj1q,Vjtq+1,- -, Vj4p—q} that
c(vi) € [e(vj) + 1, ¢(vj) — 1], for all i € {vjtq,. .., Vjitp—q}- (1)

(i) Letj e {1,2,...,p} and let k be an integer such that 1 < |k| < ¢ — 1. Then

c(vjsk) € (c(v;) — 1, ¢(v;) + 1)r.
From the symmetry, it suffices to show this for 1 < k < ¢—1. Let s = |p/q| and
note that r — 1 < x(G) — 1 < |p/q| = s. Now suppose that c¢(vji) € [c(vj) +
1, ¢(vj)—1],. Since (s—1)q < p—q, the set K = {15, Vjkrgs - - - » Vjpht(s—1)q) 1
a clique of size s in G (see Figure 1). From (1) and the assumption that c¢(v;yx) €
[c(vj) + 1, c(v;) — 1];, it follows that K satisfies c(u) € [c(v;) + 1, c¢(v;) — 1], for
all w € K. But note that the length of the interval [c(v;) + 1, ¢(vj) — 1], is r — 2.
Therefore we can construct from ¢ a circular (r—1)-coloring of G|K by replacing
the interval [c(vj) — 1, ¢(v;) + 1], by an interval of length 1 and restricting ¢ to
K. But since r — 1 < s, this contradicts the fact that x.(G|K) = s. This proves

(1)-

(ii) Letj e {1,2,...,p}. Then up to reversion of ¢, for every k € {1,2,...,q — 1},
c(v5-1) € (elvy) — 1, e(v3)}e and (v 1) € [e(v;), v3) + D)r.

By (i), either c(vj—g4+1) € (c(vj) — 1,¢(v)]r or c(vj—g+1) € [c(v)), c(v;) + 1),

By reversing ¢, we may assume that the former is the case. From (i) and

the fact that vj_441 is adjacent to each of vji1,...,vj44-1, it follows that

c(vjyr) € [c(v)),c(vj) + 1), for all k € {1,2,...,¢—1}. In turn, since in par-

ticular c(vjiq—1) € [e(vj),c(v;j) + 1), it follows by the same reasoning that

c(vj—k) € (c(vj) —1 c(v])] for all k € {1,2,...,¢q — 1}, proving (ii).

We can now prove the lemma. Possibly by taking the reversion of ¢ and considering
T_c(,)c instead of ¢, we may assume that c(v1) = 0 and that 0 < c(ve) < 1. We
prove by induction on n that c¢(v1) < c(vy) < -+ < ¢(v,). Note that this is true
for n = 2. Suppose it is true for n = N, 2 < N < p — 1. We claim that c(vy) <
c(vn41). Since by (ii) c(vy—1) € (c(vn) — 1,¢(vn)]r, it also follows from (ii) that
c(vn41) € [e(vn),c(vn) + 1),. If c(vy) <7 — 1, then we are done. So we may assume

Uj

c(vj) — 1 co(vj) +1
Uitk
Uj+k+3q
Uj+k

Vi
Vj+k+2q j+k+q
Vjikizq Vitk+a

Figure 1: Part (i) of Lemma 3.3. The diagram on the left shows the “colors”
assigned to vj, Vjik, Vjtktqs Vj+h+2g: Vj+k+3q ON the circular interval [0,7),.
The diagram on the right shows a circular (r — 1)-coloring of G|K.
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Figure 2: Part (ii) of Lemma 3.3.

that c(vy) > r—1 > 1. It remains to show that c(vyi1) ¢ [0,1],. For suppose that
c(vn41) € [0,1],. It follows from the fact that ¢(v1) =0 and (1) that N+1 < g+ 1or
N+1>14+p—¢q. If N+1<1+¢q, then N < ¢ and hence, by (ii) and the induction
hypothesis, it follows that 0 < c¢(vy) < 1, a contradiction. If N +1 > 1+ p — ¢, then
since ¢(ve) € [0,1) and by (ii), it follows that c(vy41) € (c(v1) — 1, ¢(v1)]r = (r—1, 7],
a contradiction. This completes the proof of Lemma 3.3. Il

3.2 Circular coloring and clique cutsets

Let H; and Hs be two graphs with disjoint vertex sets, let 77 and 75 be cliques in H;
and Hj, respectively, with |T1| = |T5|, and let f : T} — T5 be a bijective mapping. We
define the clique sum of (H1,T1) and (H2,T») through f as the graph G with vertex
set V(G) = (V(H1) UV (H2))\T2 and in which u,v € V(G) are adjacent if

1. {u,v} CV(H;) and wv € E(H,); or
2. {u,v} C V(H2\T2) and uv € E(H3); or
3. ueTh,ve V(H\T) and f(u)v € E(Ha);

and non-adjacent otherwise. Note that our definition of the clique sum is non-standard
because we do not allow for deletion of clique edges. (However, this restriction is
irrelevant for the analysis in this paper since deleting edges from a graph does not
increase its circular chromatic number.)

For motivation of this section, we note that, by definition, x.(G) is the optimal
value of the following optimization problem with decision variables 7, {zy},cv(q):

Xc(G) = min r
st 1 < |xy — x| <7 —1, for all uv € E(G) (2)
0<z, <, for all v € V(G).

There is an obvious one-to-one correspondence between the feasible points of this prob-
lem and the circular colorings of G. However, this problem is hard to deal with in
general because of the |z, — x,| term. Nevertheless, if the ordering of {x,} is known for
some optimal solution, then each term |z, — x,| can be replaced by x, — x, or x, — zy,
depending on whether x,, > x, or z, < x, in this optimal solution. Doing this turns
the problem into a linear program, which is much easier to handle.

12



Suppose that G is a clique sum of two copies H; and Hy of K(y,_1)/;. Then from
Lemma 3.3, it follows that if x.(G) < x(G), then for both H; and Hs there are
only two possible optimal circular colorings: clockwise and counterclockwise. From
the symmetry, we may assume that H;j is circularly colored clockwise and moreover
that a (fixed) common vertex receives color 0. This means that we can recover the
circular chromatic number by taking the minimum of the optimal values of two linear
programs (corresponding to the cases where Hp is circularly colored clockwise and
circularly colored counterclockwise, respectively), as long as at least one of them has
optimal value strictly less than x(G). We use this idea to prove the following lemma.
(In the proof of this lemma, we will in fact pick the correct one of the two linear
programs.)

Lemma 3.4. Lett > 2 and k > 1 be integers and let Hy, Hy be two copies of K1)
with disjoint vertex sets {uy,ua,...,ugp—1} and {v1,va, ..., v_1}, Tespectively, such
that wiu; € E(Hy) < wvw; € E(Hy) < k < |i—j] < (t—1)k—1. Let s,
ai,ag,...,as, by, ba, ... by be integers such that Th := {uq,,Uay, ..., Ua,} and Ty :=
{VbysVby, - 0, } are cliques in Hy and Ha, respectively, and assume that for every
jed{1,2,...,s},

(j—Dk<aj <jk and (j—1)k<b; < jk. (3)

Define the mapping f : Ty — Tz by f(ua;) = vp;, for j € {1,2,...,s}. Then the clique
sum G of (Hy,T1) and (Ha,T3) through f satisfies x.(G) < t.

Proof. For notational simplicity, let us identify u,,; and vy, for each j € {1,2,...,s}.
From the symmetry, we may assume that a; = by = 1. Also, let us define n = tk — 1.
Consider the linear program LP;:

r* = minimize r

st.r+x; —xi_g > 1, i€{1,2,...,k} [p1,D2, - -, D]
T — Ti—g > 1, i€{k+1,k+2,....n} [Pet1,Dr+2:- -, P
Ty — Yk > 1, i€{1,2,...,k} [q1,q2, - -, QK]
Yi — Yiok > 1, i€{k+1Lk+2,....n} [Gkt1sQht2,-- -5 Gnl
O=z1 <2< ... <2y ()
O=p1<y2<...<yn (*)

Ta; = Yb,, ie{l,2,...,s}. zi
(the variables in square brackets will denote dual variables, see below.)

Let LP, be the program £P; but with the constraints marked with (%) dropped.
We claim that in order to prove the Lemma, it suffices to show that the optimal value
of LP, is strictly smaller than ¢t. For let (r*,x,y) = (r*, 21, %2, ..., Tn, Y1, Y2, - - -, Yn)
be an optimal solution of LPy with r* < ¢. It is easy to check that (r*,x,y) =
(r*,0,29 — x1,...,@p — 21,0,92 — Yy1,-..,Yn — Y1) is also an optimal solution of LPs.
Moreover, it follows from the fact that »* < ¢ and the first four sets of constraints that
(r*,%x,y) satisfies the inequality constraints marked with (). From this and the fact
that the feasible region of £P; is a subset of the feasible region of LPs , it follows that
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(r*,x,y) is optimal for £LP;. Now define the mapping ¢ : V(G) — [0,7*) by c(u;) = Z;
and c(v;) = g;, 1 € {1,2,...,n}. It is easy to check that c is a circular coloring of G
and hence x.(G) <r* < t.

In order to show this, consider the linear programming dual problem of LPs, with
decision variables p1,p2, ..., Pns @1,G2, - - - Qny 215 225« « + 5 Zs"

n
r* = max Z(pZ + ¢i)

i=1
St. Di = Pitks i€{1,2,...,n}\{a1,aqe,...,as} (4a)
Di = Dit+k — %, i=aj,j€{1,2,...,s} (4b)
G = Qisk, i€{1,2,...,n}\{b1,ba,...,bs}  (4c)
¢ = Gi+k + 2, i=0b,j€{1,2,...,s} (4d)
k
S (i) =1 (10)
i=1

P1,P2,---3Pn>q1,42,---,4n > 0

This dual can be interpreted as follows. Let us represent the vertices of Hy by the
following t x k “matrix” of vertices:

[ w u2 T Uk—1 up |
Uk+1 Uk+2 T U2k—1 U2k
U2k+1 Ugk+2 ¢ U3k—1 Uugg
Mu = . . . )
Ut—2)k+1  U(t—2)k+2 ~°° U-Dk—1 U@-1)k
[ Ut—1)k+1  U—1)k+2 " Utk—1 o
where [J denotes an “empty” entry. For j € {1,2,...,s}, let 7“34 and cJA denote the row
and column index, respectively, of vertex uq; in this matrix. Since we asserted that
a1 = 1, we have ¢ = r{! = 1. It follows from (3) that r;‘ = jforeach j € {1,2,...,s},

and from the definition of K1)/, it follows that cj‘ > 03-4_1 for j € {2,...,s}.

For j € {1,2,...,s}, consider a “walk” through the elements of M, that starts at
vertex ug; and moves down one row at a time, wrapping around to the next column
and the first row whenever the bottom of the matrix is hit, until vertex ug,,, is hit
(where we let ag41 = 1). Let A; be the set of elements of M, that are hit on this
walk, except the starting vertex u,;, but including the final vertex u,, ,. Moreover, let

A; = Ajn{ui,u,...,u,}. Itis clear from the matrix representation that Aq, As, ..., A
form a partition of {uy,ue,...,u,}. Also, it is easy to see that
_ " " _
|Aj| = cjyq —cj; and |A;] = [A;|t + 1. (5)
For every i € {1,2,...,n}, the value of p; in a feasible solution of the dual problem

can be thought of as a weight assigned to vertex u;. Constraints (4a) and (4b) state
that equal weight is assigned to each vertex in A;. That is, for each j € {1,2,...,s},
p; = w;‘ for all u; € A; for some wf € R.
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We define M,,, B; and Bj analogously to M,, A; and Aj, but replacing the roles of
a,u, 7"34,03-4 by b,v,rf,ch, respectively. Constraints (4c) and (4d) state the analogues
of (4a) and (4b) for Bj, ¢; and wf‘. Constraint (4e) states that the sum of the weights
p; and ¢; assigned to the vertices of the first row of M, and M, equals 1.

With this interpretation in mind, the dual problem can be rewritten as the following

linear program with decision variables wf,wé“,...,wf,w{g,wf,...,wf,zl,z2,...,zs:
S
* .,,A o B
r*=max » (|4;lwi' + |Bjlwf)
j=1
S
A 0A P 1. BY _
s.t. Z(|Aj|wj + | Bjlwj ) =1
Jj=1
A A .
Wi = wjyg + zj, je{l,2,...,s}
B B .
4wl >0 e {1,2
wj,wy =0, je{1,2,...,s}.

Using the facts that > ;_; |A;| = Y20, |Bj| = n and Y5 | |4;| = 37, |Bj| = k and
substituting the equality constraints into the objective function, this can be written as

S
r* = max n(wf1 + wf) + Z(|AJ| - |BJ'|)ZJ'
=2

st k(wi +wP) + ) (14 - [Bjl)z =1 (6)
j=2

J

A B A E: B .

wy, Wy 207 —wq < Zlgwla j€{1727'”78}'
=1

It follows from (5) and its counterpart for Hy that for j € {1,2,...,s}, |[4;] — |B;| =
t(|A;| — |B;|). Using this and the fact that n = tk — 1, the objective function can be

written as

th(wi' + wl) + ) (|4 = 1Bj)z — (wit +wf) = - (wf'+wP)
=2

Dropping the subscripts from wf‘ and wP, the problem becomes

7 = maximize t — (w” + w®)

It follows from linear programming duality that this problem is feasible (the primal
problem has an obvious feasible solution). Clearly, since w?, wB > 0 for every feasible
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solution, we have 7* < t. Now suppose that there is a solution (w?,w?, 2y, 2z, ..., z,)

that has objective value exactly t. This solution satisfies w+w? = 0 and hence, by the
inequality constraints w4 > 0,w®? > 0, it follows that w? = w? = 0. Consequently,
it follows that z; = 0 for all j € {1,2,...,s}. This however contradicts the first
constraint. Hence there exists no feasible solution that has objective value greater or
equal to t and therefore r* < ¢, which is what had to be proved. This completes the
proof of Lemma 3.4. O

We need the following technical lemma.

Lemma 3.5. Let k > 1 be an integer and let s € {1,2,3}. Let G be a graph with
Xe(G) <4 —1/k and let {v1,v2,...,v4x1} denote the vertices of Kp_1)/x such that
vivj € BE(Kup—1y) <= k <|i —j| <3k —1. Suppose that {t1,ta,...,ts} is a clique
in G. Then there exists a homomorphism g from G to K(4,_1), and integers ay, ..., as
such that g(t;) = va; and (j — 1)k < aj < jk, for every j € {1,2,...,s}.

Proof. By Theorem 3.2 and the choice of k, there exists a homomorphism ¢ from G
to K(4;—1)/k- From the definition of a homomorphism, it follows that g({t1,...,ts})
is a clique in K(4,_1)/5- From the symmetry, we may assume that g(t1) = v1. Let
a; = 1. If s = 1, the lemma holds. Otherwise, let as be such that g(t2) = v,,. From
the symmetry we may assume in addition that as < 2k. It follows that as > k. If
s = 2, the lemma holds. Let az be such that g(t3) = as. If s = 3, since tot3 and t1t3
are edges, it follows that 2k < asz < 3k. This completes the proof of Lemma 3.5. O

We can now prove the main result of Subsection 3.2.

Lemma 3.6. Let s € {1,2,3} and let Hy, Hy be two Ky-free graphs. Let Ty C V(H;)
and Ty C V(Ha) be two cliques of size s, and let f : T1 — T be a bijective mapping. Let
G be the clique sum of (H1,T1) and (Ha,Ts) through f. If max{x.(H1), x.(H2)} < 4,
then x.(G) < 4.

Proof. Let k be an integer such that max{x.(H1), xc(H2)} < 4 — 1/k and let K;
and K> be two disjoint a copies of K4;_1y/, with vertex sets {u1,uz,...,usp—1} and
{v1,v2, ..., 0451}, respectively. Write T = {ri,72,...,rs} and T = {t1,t2,...,ts}
and assume without loss of generality that f(r;) = t; for j € {1,2,...,s}. From
Lemma 3.5 it follows that there exist homomorphisms g, go from Hy, Hs to K1, Ko,
respectively, such that g1(r;) = uq; and ga(t;) = vy, satisfying (j — 1)k < a; < jk and
(J— 1Dk <bj <jkforje{l,2,..., s}

Now consider the clique sum M of (K1, g(T1)) and (K, g(T2)) through gao fog; ™.
It follows from Lemma 3.4 that x.(M) < 4 and hence there exists a homomorphism h
from M to K41y, for some integer k' > 1. Define the function g : V(G) — V(M)
by g(z) = gi(x) if z € V(Hy) and g(x) = go(x) if € V(H2)\Tz. It is easy to see
that this is a homomorphism from G to M. Now h o g is a homomorphism from G to
K (47—1) /5 and hence x.(G) < 4]“,;,_1 < 4 by Theorem 3.2. This proves Lemma 3.6. [J
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3.3 Circular coloring of K,-free graphs with no odd hole
We are now in a position to prove our second main result:

Proof of Theorem 1.2. We prove this by induction on |V(G)|. Let G be a Ky-free
graph with no odd hole. If G is perfect, then, by definition of a perfect graph, x.(G) <
X(G) = w(G) < 3 and hence the theorem holds. Therefore we may assume that G is
not perfect. By Theorem 1.1, either G is isomorphic to 771 or C7, or G has an even
pair, or G has a clique cutset. If G is isomorphic to T11 or C7, then x.(G) € {11/3,7/2},
and hence theorem holds. If G contains an even pair {z,y}, then consider G/xy. It is
easy to see that G/zy is K4-free and has no odd hole. Hence from Lemma 3.1 and the
induction hypothesis it follows that x.(G) < x.(G/zy) < 4. If G has a clique cutset X,
then let C be a connected component of G\ X, let Cy = V(G)\Cy, let H; = G|(C1UX)
and let Hy = G|Cy. Clearly, H; and Hs are Ky-free and do not have odd holes and
therefore it follows from the induction hypothesis that x.(H;) < 4 for ¢ = 1,2. Since
G is the clique sum of (Hi, X) and (Hj, X) through the identity function f: X — X,
it follows from Lemma 3.6 that x.(G) < 4. This proves Theorem 1.2. O

We note that the requirement of forbidding odd holes is necessary, because if G is
a triangle-free graph with x(G) = 3, then x.(M(G)) = 4, where M(G) denotes the
Mycielskian of G (see [2]). Also, it is tempting to extrapolate the statement of this
theorem and conjecture that, for every integer p > 4, if G is a Kj-free graph with no
odd hole, then x.(G) < p. However, this is already false for p = 5:

Claim 3.7. Let G and Gz be two copies of Ky4/3 with vertex sets {uy,ug, ..., u14}
and {vi,ve,...,v14}, respectively, such that vyu; € E(G1) < wvv; € E(G2) =
3 <|i—j| <11. Define f : {ur,us} — {v1,v7} by f(u1) = v1 and f(us) = v7. Then
the clique sum G of G1 and Go through f satisfies x.(G) = 5.

Proof. Since x.(G1) = x(G2) = 14/3, it follows that x(G1) = x(G2) = 5. By vertex-
coloring (G and G9 separately and permuting the colors for G2 so that the colors
assigned to w1 and vy and to uy4 and vy match, we can construct a 5-coloring of G
by combining the colorings. It follows that x.(G) < x(G) < 5. Now suppose that G
has a circular r-coloring ¢ with < 5. We may assume that c¢(v;) = ¢(u;) = 0. From
Lemma 3.3 and the symmetry, we may assume that {vy, v, ..., v14} is circularly colored
clockwise and {u1, ua, ..., ui4} is either circularly colored clockwise or circularly colored
counterclockwise. If {uy,ug,...,u14} is circularly colored clockwise, since ujuy4 is an
edge, it follows that c¢(u4) > 1 and hence, since uquy is an edge, that c(vq) = c(uy) > 2.
If {u1,ug,...,ui4} is circularly colored counterclockwise, the same conclusion holds
because uju11 and uiiuy are edges. But now from the fact that vqvy and vyvyg are edges
and because {vi,vs,...,v14} is circularly colored clockwise, it follows that c(v1g) €
[4,7). From the fact that ¢(v;) = 0 and v1v;0 is an edge, it follows that ¢(vyg) € [1,7—1).
But this is impossible because r < 5. This proves Claim 3.7. O

Finally, the bound in Theorem 1.2 is tight in the sense that there exists a sequence
{H,} of Ky-free graphs with no odd hole such that x.(H,) — 4 as n — oo. This
sequence can be constructed as follows. Let H; be a copy of C7 with vertex set
{v}, v}, ... v}}. For k > 2, let G}, be a copy of C7 with vertex set {v¥, v§ ... vk} let
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T = {vlgfl,v’;*l}, let Th = {vf,v5}, and let f : Ty — Ty be defined by f(vé“*l) = v
and f(vi~') = vk, We define Hy, as the clique sum of (Hy_,T1) and (Gy, Ty) through
f. (See Figure 3) We have the following result.

Theorem 3.8. For everyn > 1, x.(Hy) >4 — n%rl

Proof. Let n > 1 be given. Let ¢: V(H,) — [0,r) be an optimal circular coloring of
H,. Tt follows from Lemma 3.6 that r = 4 — ¢ for some ¢ > 0. From the symmetry,
we may assume that c(vi) = 0 and that c(vi) < r/2. From this and from Lemma
3.3, it follows that U%, v%, el U% are circularly colored clockwise. Let us first prove the
following:

(x) Let 1 <k<mn. Ifk=2p+1 for some integer p > 0, then
(1+ple<ch)<1—(1+pe and 3+pe<cl)<4—(2+p)e.
If k = 2p for some integer p > 1, then
24pe<c(wh) <3—(1+pe and 14 pe<c@h)<2—(1+pe.

We will prove this by induction on k. First suppose that £ = 1. Recall that

vi,vd, ... v} are circularly colored clockwise. Hence, since vi-vi-vi-vi-vl and

vi-vi-vi-vi-vl are paths, it follows that 3 < c(vd) <4—2c and e < ¢(vd) <1—c¢.
This proves (x) for k = 1.

Next suppose that £k = 2p + 1 for some integer p > 1. It follows from the
induction hypothesis that c(v§) = c(vf™!) > 1 4 pe and c(vf) = c(vh™) <
3 — (14 p)e. We first claim that v¥ vk ... v% are circularly colored clockwise.
For suppose otherwise. Then by Lemma 3.3, v]f, v’f, . ,v’f are circularly colored
counterclockwise. This, together with the fact that vé“—vf—vé“ is a path, implies that
c(vf) > 3+ pe, contrary to the fact that c(vf) < 3— (1+p)e. So vf, vk ... v are
circularly colored clockwise. Hence, since v§-vE-vE-vk and v§-v§-vh-vk are paths,
it follows that 3 + pe < c(v¥) <4 — (2 +p)e and (1 +p)e < c(vh) <1 — (1 + p)e.

This proves (*) for odd k.

vy/vg  vP/vi  wu3/vg

vi/vi  vfvg i/

Figure 3t The graph H,. In this figure, every heptagon represents a
copy of C; and the dotted lines represents non-edges.
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Finally suppose that k = 2p for some integer p > 1. It follows from the induction
hypothesis that c(vf) = c(v5™) > 3+ (p — 1)e and c(vf) = c(v5™1) <1 —pe. We
first claim that vf , v’zﬁ, . ,v]7“ are circularly colored clockwise. For suppose other-
wise. Then by Lemma 3.3, v¥, o5, ..., v’? are circularly colored counterclockwise.
This, together with the fact that v5-vf-vf is a path, implies that c(vf) > 1 + pe,
contrary to the earlier observation that c(vg) <1—pe. Soof,vh, ... ,v’? are cir-
cularly colored clockwise. Hence, since v§-vE-vE-v5 and vf-vf-vh-v¥ are paths, it
follows that 1 + pe < c(v¥) < 2 — (1 +p)e. and 2 + pe < c(vh) < 3 — (1 + p)e.
This completes the proof of (x).

We can now prove the theorem. If n = 2p + 1 for some integer p > 0, it follows from

() that (1 +p)e <1 — (1 + p)e, which is equivalent to ¢ < m = n%q Ifn=2p

for some integer p > 1, then it follows from (x) that 2 + pe < 3 — (1 + p)e, which

is equivalent to ¢ < ﬁ = n%rl Finally, ¢ < n%rl implies that x.(H,) > 4 — %—H’
completing the proof of Theorem 3.8. [l

Note that using the techniques of Lemma 3.4, it can be shown that in fact x.(H,) =
4—1/(n+1).

4 Conclusion

In this paper we used the structural theorem presented in [3] to obtain a structural
result on even pairs in Ky-free graphs with no odd holes. We used the new result
in combination with linear programming duality theory to show that every such Kjy-
free graph with no odd hole has circular chromatic number strictly less than 4. We
showed that this result is tight by giving an explicit construction for graphs whose
circular chromatic number is arbitrarily close to 4. We indicated that it seems natural
to conjecture that every K,-free (p > 4) graph with no odd hole has circular chromatic
number strictly less than p. However, this is false.

Acknowledgements 1 would like to thank Maria Chudnovsky and the anonymous ref-
erees for numerous helpful comments and suggestions.
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